This is the third and conclusive part of a three-paper series and describes the application of a numerical model for saturated-unsaturated flow in deformable porous media. In all, 10 illustrative examples are presented not only to demonstrate the validity of the method but also to highlight the fundamental unity that exists in the ' .sic principles of the fields of hydrogeology, soil mechanics, and soil physics. The chosen examples involve such diverse phenomena as soil consolidation, infiltration, and drainage and generation of fluid pressures due to cyclic loading such as earthquakes.
Consolidation of a Column of Clay Slurry
An extreme case of the soil consolidation phenomenon is that of shrinkage of an active clay such as bentonite. Such materials can undergo very large changes in volume over relatively short intervals of time. The movement of water in such swelling soils may sometimes be of interest, e.g., self-weight filtration [Smiles, 1974] 
e n If it is valid, this theory must lead to the following consequences.
1. The moisture content, .or equivalently the void ratio, must be uniquely related to 3,.
2. The cumulative outflow from the column, or equivalently the change of length of the column, must plot as a straight line with the square root of time.
3. The slope of the straight line in consequence 2 should be numerically equal to the integral dL fe e dt•/2 -3, de
n In order to verify their theory, Smiles and Rosenthal conducted a set of experiments with a 13.5-cm-tall Perspex column filled with a slurry of Wyoming bentonite at an initial void ratio ofe,• = 44.76 (with a porosity of 97.81%). A constant air pressure of 1.66 m of water was applied at the top, while at the bottom, m = 0, water was allowed to drain freely through a millipore filter, as is shown schematically in Figure 8 . The void ratio e0 (m = 0, t > 0) was maintained at 15.91 (94.08%). The nonlinear relationship between e and effective stress for Wyoming bentonite was independently determined experimentally, and this relation is plotted in the form of a semilog plot in Figure 9a . The slope of the straight line in Figure 9a is the compression index Co, for Wyoming bentonite.
The desorption experiments were carried out for 3 weeks, during which the shrinkage of the column at various times and the void ratios within the column at various times were mea- It should be pointed out here that the Boltzmann transformation is strictly applicable to a horizontal column. For convenience, however, the experiment had to be conducted with the column in a vertical position. Nevertheless, the potential gradient component due to gravity was less than 8% and hence could be neglected.
The numerical simulation was carried out to investigate (1) whether the shrinkage computed with the numerical model agreed reasonably with the actual observations, (2) whether the role of gravity was important, and (3) the extent to which attention needed to be given to a material coordinate system in studying the highly compressible system under consideration.
Lagrangian formulation. Under saturated flow conditions the discretized equations for an element n may be written as Note that (7) is actually related to a material element fixed in the soil particles [Narasimhan and Witherspoon, 1977] . In other words each element is defined as having a constant volume of solids.
Since the bulk volume of the element n changes with time, it follows that the geometrical quantities I'm,n, the surface area between the elements m and n; dm,n + dn,m, the distance between the nodal points m and n; and Zm, Z,, the elevations of nodal points, should all change with time. In evaluating the left-hand side of (7) therefore these time-dependent changes must be given due consideration. For slightly deforming systems it is customary to ignore these time-dependent changes.
5O
• 3o -- However, can they be ignored without loss of accuracy in the case of a highly consolidating column of clay slurry? To investigate this, we pose the problem in Lagrangian coordinates, as described below.
Note that because the problem under consideration is onedimensional, the surface areas F,,,,, in (7) are invariant with time. In order to take into account the temporal variations of the z and d in (7) A reexamination of the data (D. E. Smiles, personal communication, 1974) suggested that the experimental results were subject to errors due to difficulties invqlving measuring shrinkage and computing void ratios. On considering the experimental difficulties the discrepancy between numerical and experimental results appears reasonable. .
• e, void ratio Accuracy and adjustments of nodal distances. Note that the Lagrangian treatment requires periodic adjustments of the geometric parameters, nodal distances, elevations, surface areas, and volumes. Computationally, while it is fairly easy to make adjustments to nodal volumes occurring in the term Mc on the right-hand side of (7), it is far more cumbersome to make such adjustments to nodal elevations, distances, and surface areas.
Since volume involves third power of distances, the geometric parameter likely to undergo maximum change is nodal volume. Also, it is seen from the left-hand side of (7) that nodal surface areas occur in the numerator and nodal distances in the denominator, which suggests that the changes in these quantities would tend to compensate for each other. It seems reasonable to infer that except in extreme cases, neglecting to adjust nodal distances, elevations, and surface areas on the left-hand side of (7) may not adversely affect accuracy.
In the one-dimensional problem under study it is recognized that, Fn,m being constant, nodal volume change is of the same order of magnitude as change in nodal distance or elevation. This problem therefore poses an extreme case in which errors due to neglecting changes in nodal distances are likely to be maximum, and hence the problem merits further attention.
Figures 13a and 13b show the plots of shrinkage versus time •/: computed with a mesh in which the quantities Zm, Zn, and dm,,• were held constant on the left-hand side of (7) while the variation of nodal volume (incorporated in the Mc term on the right-hand side) was allowed to vary in accordance with deformation. For convenience we will call this a 'rigid' mesh. Now, since the column is consolidating, the nodal points must move toward each other with time, and hence the nodal 'distances must continuously decrease with time. Since this decrease in nodal distances is ignored in the rigid mesh, the gradients are underestimated, and the fluxes calculated on the left-hand side of (7) tend to be smaller than they would otherwise be. As a consequence, the rigid mesh solution yields a much slower consolidation history than the rigorous solution in Figure 13a . In looking at the left-hand side of (7) it can be reasoned that instead of continuously adjusting to the d and z, one could, from a purely computational point, keep the mesh rigid and apply an equivalent correction to the permeability term Km,n. With this reasoning in mind the permeability values in the rigid mesh problem were uniformly multiplied by 1.75 (by shifting the e versus log k plot appropriately to the right in Figure 9b ), and the calculations repeated. The results are presented in Figure 13b . It is readily seen that the rigid mesh solution with adjusted-permeability does indeed agree with the rigorous solution. These results lead to some inferences of practical interest.
1. A single simple correction to permeability seems capable of adequately compensating for the far more complex task of deforming the mesh with time.
2. In the particular problem studied, the equivalent correction turned out to be multiplication by a factor of 1.75 (increasing permeability by 75%). However, the precision of measuring the permeability function experimentally is such that an error of 100% may often be tolerable. Thus the error accrued owing to the use of the rigid mesh appears to be of the same order of magnitude as that introduced owing to errors in the input values of permeability.
3. In the present problem the total shrinkage at the end of 24 days was 32% of the original column length. During this period the maximum strain attained by the bottommost element was 64%. Despite the large deformations involved, the required permeability correction was only 75%. In actual field problems, far smaller deformations are likely to be encountered, and the required permeability corrections are likely to be so small that they should be well within the precision of experimentally measuring permeability. Table 1 . This problem was solved by using the numerical technique of this study, by discretizing the flow region into 45 volume elements, each 2 cm long. The resulting moisture content profile at t = 106 is presented in Figure 14 and is compared with the analytical solution of Philip [1969] . The agreement is obvious.
In connection with the solution of this problem it must be pointed out that an arithmetic mean was used to evaluate the interface permeabilities (or diffusivities) rather than the harmonic mean permeability. The reason for this is explained in the next section, dealing with an extremely dry soil column.
Infiltration Into a Column of Extremely Dry Soil
The problem of infiltration into extremely dry soils is of considerable interest in the field of agriculture. In considering soil-water relations during rain infiltration, Rubin and Steinhardt [1963] showed that ponding of water on the soil surface can occur only if rainfall intensity exceeds the saturated soil permeability. If it does not, the soil will tend to attain that uniform saturation at which rainfall intensity exactly matches hydraulic conductivity. To demonstrate this, they considered a vertical semiinfinite column of Rehovot sand (with a porosity of 39.7%) on whose surface rain was assumed to fall at a constant rate (Figure 15 Although the diffusivity formulation is useful in solving the aforementioned highly nonlinear problem, it has been rightly pointed out [Bruce and Klute, 1956 ] that the diffusivity equation cannot be used when the porous medium is heterogeneous. This is because of the jump discontinuity of the 0 
Axisymmetric Flow to a Soil-Water Sampler
A practical problem of the soil scientist is to obtain a sample of soil solution from a small region surrounding the sampling device. In order to justify confidence in the sampling procedure it is essential to understand in detail the flow field around the sample, especially when the solution is rapidly moving past the probe. For this purpose the present numerical model was used to simulate radial flow to a soil probe in partially saturated soils.
The physical model (Figure 19) consists of a horizontal layer of wet Geary silt loam in an impermeable cylindrical shell with a porous probe at its center. It is assumed that the model is suitably protected from evaporative losses. It is also assumed that through an elaborate experimental setup the effluent can be continuously withdrawn for volume measurement while a constant suction at the probe can be simultaneously applied. The quantity of solution released from storage by different parts of the flow region to make up the effluent withdrawn at the probe is illustrated in Figure 24 . It is seen that at early times a bulk of the cumulative drainage takes place in the immediate vicinity of the probe. As time progresses, more of the depletion from storage occurs in the regions away from the probe. It may be pointed out here that owing to the cylindrical symmetry of the flow region, the outer shells have far greater volumes than the inner ones, and hence, despite the relatively small changes in moisture content, the outer shells can dominate the contribution to total cumulative depletion from stor- The next question to be considered then is whether better simulation of experimental results could be achieved by assuming the sand to be deformable.
To assess the importance of deformation, the sand was assigned a Cc value of 0.017, which was assumed to be reason- The results presented in Figure 28 show a good agreement between the experimental and computed drainage rates. The simulations described above strongly suggest that in certain types of problems the importance of deformation cannot be ignored when the soil is under moisture suction. As a first step in the comparison of experimental and numerical results, the computed position of the surface •k = 0 is compared with the experimental data in Figure 33 . As can be seen, but for slight departures at early times, the agreement is reasonable, considering the difficulties associated with the experiment.
A special feature of the experiment was the measurement of the spatial and time-dependent variations of moisture content at different points in the sandbox. Thanks to this, the experiment also yielded data on the quantity of water removed from storage in the sandbox. A comparison of the numerical and experimentally observed cumulative depletion from storage is shown in Figure 34 . It is seen from this figure that although the two curves approach each other toward steady state (t > 50 hours), they depart significantly between 1 and 20 hours during the transient behavior. This suggests that the mean physical properties used in the simulation are not quite appropriate.
A detailed comparison of the experimentally observed isopotential lines with the computed ones [Narasimhan, 1975] showed that these agreed very well over most of the flow seepage face dominates drainage, these volume elements begin and continue to lose pore pressure and to consolidate. It would appear that the offset of the trough of maximum consolidation, at some distance behind the excavation wall, is sometimes observed in the field [Peck, 1969] , as is shown in Figure 42 . In this particular case, however, the settlement pattern has been attributed to the inward movement of the vertical wall of the excavation rather than to seepage. It has been pointed out (R. E. Peck and T. O'Rourke, personal communications, 1977) that in an extremely soft clay, like the one used in the simulation, when elastic theory is used to obtain the initial conditions, the simplified stress calculations may not be completely valid and that therefore other factors should be considered. These assumptions, however, may be valid in less soft materials. It must be emphasized that the purpose of this hypothetical simulation has only been to understand qualitatively the phenomenon of drainage and consolidation around an excavation.
Note that in Figure 41 , certain oscillations occur in the settlement profile to the right of the excavation. Whether these are due to the particular initial conditions used or are due to the variation in mesh size is not quite clear.
In On the assumption that liquefaction potential does indeed exist at a given site, one possible method of reducing that potential is the dissipation of pore pressures (concomitant with the generation process) by providing relief drainage wells.
In Figure 44 we consider such a system of drainage wells (with 12-in. diameters) located at 8-ft centers at a site underlain by silty sands intercalated with thin layers of organic material. On considerations of symmetry the shaded region of Figure 44 was modeled as a pie-shaped three-dimensional region, shown in Figure 45 .
The system was modeled as a saturated-unsaturated flow region with an initial hydrostatic condition corresponding to the surface • = 0 located 20 ft below the ground surface. On the basis of design earthquake magnitudes and soil dynamic properties it was calculated by using the method of Seed et al. [1975] that the soil would liquefy in a magnitude 7 earthquake lasting for 20 s. In the light of this calculation, appropriate pore pressure generation rates were assigned to each saturated volume element in the flow region. It was assumed from the nature of construction of the relief wells that pore pressure generation would not occur either within the wells or in the unsaturated elements.
The computed results showed that under the given conditions, pore pressures can be dissipated sufficiently during the 
